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Overview

The question of which model should be used when modeling the price of crude oil futures is examined in this paper with a particular emphasis on empirical results from very high-frequency data. We consider both the ‘mixture-of-normals’hypothesis and the presence of jumps to provide insights on how to model the stochastic behavior of prices to fit the empirical facts.

Andersen et al. (2001a and b, 2003) have shown how normality could be recovered through an adequate standardization of open-to-close returns with a precise measure of volatility. The authors show theoretically that realized volatility built using high-frequency (say 5 minutes) provide an excellent measure of the true (latent) volatility. When realized volatility is then used to standardize returns, standardized returns are shown to be almost normally distributed despite the formal hypothesis that the distribution of returns is normal is rejected with standard tests. We show that this result is also valid for crude oil futures returns. To reach normality, we then follow Andersen et al. (2010) and remove jumps from daily returns in a sequential way. When jumps are removed, standardized returns are closer to normality and the null hypothesis of normality is not rejected at standard statistical thresholds (see also Fleming and Paye, 2011). This supports the hypothesis of a price process subordinated to a volatility process in the Clark (1973) which would be related to the flow of information.
We then use the methodology recently developed in Aït-Sahalia and Jacod (2010) and Todorov and Tauchen (2010) to investigate the need to consider jumps in the stochastic modeling of crude oil futures prices. These authors develop statistical tools to measure the presence of jumps and estimate their activity. Using these instruments we are able to answer the following questions: should jumps be part of the stochastic modeling of the oil futures prices? Are jumps rather small with infinite activity or large with small activity? Is a Brownian motion more adapted to the stochastic modeling of oil futures prices or is a pure-jump model a good model? Our results indicate that large jumps should be part of the stochastic modeling of oil futures prices thus confirming results in recent papers where authors use a parametric approach (Lee et al., 2010). We also show that a Brownian motion is part of the model and is more adequate than a pure-jump process.
Methods

To reach normality for the standardized returns, we need to consider jump-adjusted returns as in Andersen et al. (2010). We follow these authors and their procedure of sequential jump identification to possibly identify several significant jumps in the same day and then consider returns adjusted for these identified jumps. The initial methodology to detect jumps is in Barndorff-Nielsen and Shephard (2004, 2006) but we also use the recent procedure (median realized volatility) in Andersen et al. (2008) which do not suffer from the upward bias in finite sample and is more robust to the presence of zero-return. Finally, the time clock has to be changed as in Andersen et al. (2010) and much earlier Ané and Geman (2000) as trading activity is time-varying and standardization should take into account differences in the flow of information as it has an impact on volatility (see also Oomen (2006) for a discussion of business time vs. calendar time when consider high-frequency returns).
High-frequency returns are then used with the methodology in Aït-Sahalia and Jacod (2010) and Todorov and Tauchen (2010) who develop formal tests and graphical analysis based on the concept of power variations. The intuition is that different powers of high-frequency returns permit to emphasis the continuous or the jump component in prices.
Note that realized volatility is also computed for robustness checks as in Zhang et al. (2005) to deal with the so-called microstructure noise present in the financial data (Hansen and Lunde, 2006). Our results are robust when this methodology is used in place of the standard realized volatility computation.
Results

Normality is recovered once jumps are considered and time is changed.
Jump diffusion is a good proxy for oil futures returns while a pure-jump process is less realistic in this framework. The theoretical model developed in Hilliard and Reis (1998) does provide pricing elements which are relevant in light of our empirical results as they consider the issue of jumps in commodity prices when pricing derivatives. 
Conclusions

Using high-frequency returns to compute daily realized variance allows reaching normality after jumps are removed and time is changed. Beyond normality, it is shown that jumps are part of a satisfying stochastic model for oil futures. This is the first analysis, to our best knowledge, considering the stochastic modeling of oil futures (the most traded commodity contract in the world) using methodologies relying on high-frequency data in a complete nonparametric framework.
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